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We illustrate a framework for constructing models of chaotic inflation where the inflaton is the 
position of a D3 brane along the universal cover of a string compactification. In our scenario, 
a brane rolls many times around a non-trivial one-cycle, thereby unwinding a Ramond-Ramond 
flux. These "flux monodromies" are similar in spirit to the monodromies of Silverstein, Westphal, 
and McAllister, and their four-dimensional description is that of Kaloper and Sorbo. Assuming 
moduli stabilization is rigid enough, the large-field inflationary potential is protected from radiative 
corrections by a discrete shift symmetry. 



O 1 !• INTRODUCTION 

<N 

^ " Perhaps the simplest phenomenological model of inflation [lHsj is due to Linde's monomial potential [J], which 
undergoes what is called "chaotic inflation" due to its expected behavior on large scales. Chaotic inflationary models 
are not obviously natural in the context of effective field theories precisely because of the requirement that the 
potential be sufficiently flat over super-Planckian field distances. In the quadratic model, the inflaton mass must be 
of order Afp, and the dominant term for field values as large as Mp, which requires a functional fine tuning, from 
an effective field theory point of view. An elegant solution to this problem was presented in [5(|, whereby an axion 
"eats" a three-form potential, and so acquires a quadratic potential which is protected from radiative corrections by 
the underlying shift symmetry. Aside from the simplicity of the model, chaotic inflation is interesting because it its 
distinct phenomenological predictions; It is capable of sourcing significant primordial tensor perturbations, which may 
be detectible in the cosmic microwave background. 

Here we will find a stringy realization of large field inflation. As in brane inflation , the inflaton represents the 

!— — position of a D3 brane in a six dimensional compactification manifold, assumed to be sufficiently stable. The potential 
felt by the D3 brane due to the five-form field strength F5 gives rise to the four-dimensional effective potential of the 
inflaton. Crucially, this field strength depends not just on the location of the D3 brane(s), but also the number of times 
they have traversed any non-trivial one-cycles of the compactification manifold. This will allow for the possibility of 
, large field brane inflation, which cannot otherwise exist Q . It should be pointed out that there are stringy realizations 
■ of large field inflation, e.g. [1,@> an d [H|-[l4j]. 

In the probe approximation, the potential felt by a D3 must be exactly periodic, just as for an axion. Furthermore, 
I ■ the five-form flux takes quantized values over the five-cycle which is dual to the one-cycle. Assuming rigid moduli 
t— I I stabilization, the flux potential is exactly quadratic in the discrete flux winding § M& F5. By turning on the coupling 
CNJ . of the D3 to the background five-form flux, the periodicity is lifted, and the discrete flux becomes a continuous 
parameter, contributing an exactly quadratic term to the potential. We now illustrate this with a simple example. 



II. CHARGES IN COMPACT SPACES WITH NON-TRIVIAL FIRST HOMOLOGY 

As a warm-up example, let us consider a single electron and positron in the compact space S 2 x S 1 . The action 
and equations of motion are given by 



/ |dAi A *dA 1 - eA x A S^M 1 ) 

JRxS 2 xS 1 



s = 

JrxS 2 xS 

d*c\A 1 = e5 3 (M 1 ), 

where Ai 1 is the oriented world lines of the charges. Integration and differentiation (see Appendix) of the equations 
of motion require that the point particle current ^(A^ 1 ) satisfy 

S 2 xS 1 DM 1 =0 and dM 1 = 0, (1) 

respectively. These simply state that no net charge can occupy a compact space, and electric current is conserved. 
We can either ensure that Ai 1 has no net time-like winding (as we have done), or add a diffuse background "jellium" 
charge to the action. A homogenous jellium contribution is just proportional to the spatial volume form, 

wa^In wa,<1\ 71 vol 3 (S 2 x S 1 ) 
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with n = (S 2 y.S 1 n A4 1 ). (We abuse the notation n to also mean the winding number of the oriented submanifold 
given by the actual intersection.) The uniform charge density cancels the tadpole. 

Let us imaging that M 1 represents a single positive charge and a single negative charge. We can compute the 
potential between them by finding the Green's function on this space. We expect the usual Coulomb interaction to 
be modified by two effects: 

• Because the space is compact the potential will not be Coulombic at large distances. 

• Because the space has nontrivial first homology i/ 1 (S' 2 x S 1 ) = Z, the field strength will not be unique, but will 
depend on the winding of the particles' paths. 

It is the latter effect which we find useful here, as it enables one to change the electric flux on the 5 1 . It is straightfor- 
ward to calculate the difference in flux caused by transporting one of the two charges around the S . The transport 
of one of the particles around the one-cycle means that A4 1 acquires winding number equal to one. The flux on the 
S 1 is measured by choosing a fixed time- and z-coordinate, and then integrating the dual field strength over the S 2 . 

To calculate the change in flux caused by a single winding of a particle, let us define a 3-manifold with boundary 
A4 3 which spans an interval in time [ti,tf] times the full S 2 cycle. Then 



d * dA a = / *dA 1 = I *dA 1 

M 3 JdM 3 



= e / <J 3 (A*! 1 ) = e M 1 n M 3 = e, 
Jm 3 

and so 

e * vol 2 (S 2 ) 



AF 2 = 



Jvol 2 (S 2 



Thus the electric field in the z-direction changes by one unit each time a particle is transported around the circle in 
the z-direction. A simple interpretation of this is that the charge drags the field-lines around the cycle. 

We can immediately write down the homological piece of the potential. If the metric is given by ds 2 = —dt 2 + 
R 2 (d6 2 + sin 2 Ode/) 2 ) + dz 2 , with z = z + L, then 

Ai(Az) = — Tjdt + single- valued part (3) 

L AuR 1 

where Az is the z-separation of the two charges as measured on the universal cover. The flux part of the electron 
potential is thus 

9 9 9 9 

N e z z e A z A 
V{Z) = A^L = — ' (4) 

where V± = J vol 3 (S 2 x S 1 ) = 4ttR 2 L. 

The flux potential cancels the jellium [23|, [24j contribution. We can think of the jellium term in the potential as 
arising due to the finite compactification volume. Since the field strength is single- valued, a jellium term is required in 
the potential felt by a probe charge. But transport of a physical charge around a non-trivial cycle does not leave the 
field strength invariant, and so the probe charge is an inadequate description. Unlike the flux potential, the metric is 
single valued, and no monodromy exists in the gravitational potential. 

In a sense, one can say that the configuration space of charges and flux is not simply the product of the compact 
manifold and its first homology, but rather is a non-trivial fibration: One can change the flux by transporting charges 
around the one-cycles associated with them. 



III. INGREDIENTS FOR CHAOTIC BRANE INFLATION 



The ingredients we will need is an F-theory compactification of Type IIB string theory which contains at least one 
D3-brane. Furthermore, the six-dimensional transverse space must have a non-trivial first homology, i.e., H 1 (A4 6 ) = % 
or Win ■ Because the D3 moduli in the direction of the non-trivial 1-cycles are lifted at tree level, these models may 
lack supersymmetry. All closed string moduli must be sufficiently stabilized, in order that inflation may take place 
in this background. It is further necessary that the periodic portion of the potential be flat enough that the full 
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potential has only a single minimum. In the probe approximation, the D3 has a discreet "shift symmetry" associated 
with transport about the 1-cycle, but this may not be sufficient to guarantee local flatness. As illustrated before, the 
inflationary potential exists due to non-trivial winding of the five-form flux about the homological one-cycle. The 
D3-brane moves classically through this cycle to unwind the flux. We will assume that the moduli stabilization is 
rigid enough to ignore the back-reaction of the dynamical flux. This assumption is generically false in known warped 
flux compactifications [1(3, El, EH , but such effects may actually flatten the potential Q . 
The potential induced by brane monodromy is 

where Vole is the volume of the compact space, and Mio,p is the ten-dimensional Planck mass, and ^D3 = M^ Q p is 
the D3 charge. In terms of the four-dimensional Planck mass, Mp — MfgpVole, and for a canonically normalized 
inflaton 4> = y/JHu^z, we find the potential 

<j) 2 cj) 2 

VW ~ MD3 Vol 6 ~ IWl' (6) 

which is parametrically flattened by increasing the compactification volume. 

To achieve reasonable density perturbations, we only need to tune the size of the compactification volume to 
moderately large values. This will require the brane to undergo of order 10 revolutions, so any model must have first 
Homology large enough to permit this, i.e. 

Hi(M 6 ) = % or TL N (7) 

with N > 20. 

Furthermore, we require the single-valued part of the potential to be relatively flat. This can be achieved by the 
presence of a continuous shift symmetry, or if needed by fine tuning. 

To achieve slow-roll inflation, we will require the scalar field 4> to initially have a super-Planckian vev. This means 
that the four-dimensional potential will exceed the tension of a D3-brane, opening the possibility for brane tunneling 
[2lj or nucleation[22| via the Brown-Teitelboim mechanism. Because this is a slow process, our description remains 
valid. Indeed, brane nucleation 1 could give rise to the mobile inflaton, although inflation will then end with brane 
anti-brane annihilation, but unlike [20l |. the bubble need not self- annihilate until after many laps are completed. The 
final D3-D3 annihilation will result in the formation of a cosmic string network [l8[. 



IV. DISCUSSION 



We have provided a simple framework for large field brane inflation. To construct realistic models, a number of 
hurdles must first be addressed, the most significant of which is moduli stabilization. However, because our framework 
relies on a non-trivial first homology group, most of the progress made on moduli stabilization does not apply here. 
Another potential difficulty may arise in obtaining a flat enough periodic portion of the brane potential. If the 
modulation of the quadratic piece is too large, there may not be a long enough slow-roll trajectory. Finally, it is 
unlikely that supersymmetry can be unbroken in the models considered here, since the D3 moduli receive an explicit 
mass, rather than from a spontaneous uplifting, say by the introduction of anti-branes. 
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Appendix A: The de Rham delta function 



Here we review a simple notation appropriate for calculating the effects of localized sources coupled to gauge 
potentials. The new object is a singular differential form which we call the "de Rham delta function." 



1 After this paper was completed, this possibility was considered in 
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1. Definition 

On a D dimensional oriented manifold A4 D with MP C M. D an oriented submanifold of dimension p we define the 
de Rham delta function 6d- p (M p ) as follows: 

/ C p A6 D - p (M p ) := / C p (Al) 
JM D JM D nMp 

where the pullback is implicit on the RHS. The subscripts denote the order for differential forms, and superscripts 
denote the dimension for manifolds. Stokes' theorem then implies 

/ C p -i A 5d- p (M p ) = [ dC p - 1 A5 D - p (M p ) + (-l) p - 1 C p „ 1 Ad5 D - p {M p ) 

JdM D JM D 

C p _i + (-l) p - 1 f C p ^Ad5 D ^ p (M p ) 

d(M D nM") J M D 

and so 

dS D - p (M p ) = (-l) p 5 D - p+1 (dM p ), (A2) 

where we have used the fact that d{M p D M q ) = (dM p n M q ) U {-l) D - p (M p D dM q ). Here U is essentially the 
group sum of r-chains in A4 D . This definition of U is equivalent to 

S D - P (M P U M' p ) = 5 D - P {M P ) + 5 D - P (M' P ). (A3) 

Also, following the definition we find 

Cp+q-D A 8d- p (M. p ) A 5D- q (M q ) = f C p+q _ D AS D - p (M p ) 

M D JM D nMi 

C p+q -D 

M D nMT\MP 

which leads to the relation 

S D - P (M p ) A 5 D ^ q (M q ) - 6 2D ^ q (M q n M p ) (A4) 
This identity illuminates some generic features of submanifolds. 

• The intersection of ap and a q dimensional submanifold in D dimensions will generally be of dimension p+q — D. 

• When the previous statement does not hold, integration on the intersection must vanish. This is because the 
intersection is not stable under infinitesimal perturbation (and not transversal). 

• When two submanifolds each have odd co-dimension, the orientation of their intersection flips when the order 
of the manifolds is reversed. This is consistent with the Leibniz rule for the boundary operator given below 
Eqn. (|A2p . As an example of this, consider two 2-planes in three dimensions, whose intersection is a line. The 
orientation of each plane is characterized by a normal vector, and the anti-symmetric cross product of these is 
used to determine the orientation of the line of intersection. 

• We should think of n as being the oriented intersection operation from intersection homology which makes the 
above properties automatic. It is stable under infinitesimal perturbation of either submanifold. 

2. Coordinate representation 

The coordinate representation of Sd^ p (A4 p ) is straightforward in coordinates where the submanifold is defined by 
the D — p constraint equations 

qeM p => X i (x 1 [q],...,x D [q]) = Q i = 1...D - p (A5) 

via 

5 D - P (M P ) = 5 {D - p) (A*) d\ x A .... Ad\ D - p (A6) 
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where 5^ D ~ p ^> is the usual (D — p)-dimensional Dirac delta function. The well known transformation properties of the 
Dirac delta function make this object automatically a differential form. (Thus the only meaningful zeros of the A* are 
transversal zeros, i.e., those where X 1 changes sign in any neighborhood of the zero.) If a submanifold is Z?-dimensional, 
then the corresponding de Rham delta function is simply the characteristic function: 5q(M' d ) — x(M' D ) with 

x (M' D )[q] = 1 q eM' D 

= q£M' D . 

One may describe submanifolds with boundary by multiplication with this scalar de Rham delta function cf. Eqn. (|A4l) . 
As an example, if M 1 is the positive x-axis in R 3 , then 

6 2 {M 1 ) = 5(y)5(z)0(x)dy A dz (A7) 

where the characteristic function is the Heaviside function 9 (a;). Notice that the orientation of this submanifold has 
been chosen to be along the +x direction, consistent with Eqn. (|A2p and the fact that its boundary is minus the point 
at the origin. 

The A* do not need to be well-defined on the entire manifold, and in fact they only need to be defined at all in a 
neighborhood of M p . Thus despite its appearance in Eqn. (|A6[ ). 8d- p {M p ) is not necessarily a total derivative. 

If all of the X 1 are well defined everywhere, then M p is an algebraic variety. By Eqn. (lA2l) and Eqn. (lA6[ ) it can be 
seen that all algebraic varieties can be written globally as boundaries. It may be that the \ % are well defined only in 
a neighborhood of M p , in which case M p is a submanifold. Near points not on dM p we may think of MP locally 
as a boundary, just as we may think of a closed differential form as locally exact. Non-orientable submanifolds will 
correspond to constraints that may be double valued, that is A 1 may return to minus itself upon translation around 



the submanifold. We consider such cases inl5(. Another important case occurs when MP is only an immersion, 
i.e. it intersects itself. The A 1 are path dependent here, as well. Consider the immersion S 1 C R 2 defined by the 
constraint A = 2arcsin(y) — arcsin(x) = 0. This looks like a figure-eight centered on the origin of the plane. Clearly 
A is multi- valued, and to get a complete figure eight requires summing over two branches of A. We suppress the sum 
in Eqn. (|A6j ). Notice that the figure eight immersion satisfies 

6 1 (S 1 )A6 1 (S 1 ) = 5 2 (0)- 6 2 (0)= 0. 

The self intersection of this immersion is twice the point at the origin, but since the orientation (sign) of the intersection 
is negative for exactly one of the two points of intersection, the total self intersection vanishes. For even co-dimemsion 
immersions, the sum over branches allows for non-zero self intersection from cross terms. By the antisymmetry of 
the wedge product, one may show that the self- intersection of an immersion of odd co-dimension will always vanish, 
assuming M D is orientable. One may also compute the nth self intersection of an immersion via 

5 ni D- P )(n n M p ) = f\5 D - p (M p ). 



3. Geometry 

If we introduce a metric on our manifold, we can measure the volume of our submanifolds with the volume element 
'\g\ from the pull-back metric. Looking at the coordinate definition of Sd-p(M p ) given in Eqn. (|A5| ). we see that 



each of the A 1 is constant along the submanifold, and so dX 1 is orthogonal to the submanifold. Thus, a good candidate 
for a volume element on M p is *(dX 1 A ... A dA D ~ p ). To remove the rescaling redundancy in the A 4 s we may divide by 



\J*(/\i dX 1 A * /\j d\i)). Equivalently, we may formally write 

/j-r *S D - p (M p ) 



\\Sd- p (M p ) 



(A8) 



where the pull-back is implicit on the RHS and 



\\S D ^ P (M P )\\ = yj* (5 D - p (M p )A*6 D - p {M p )). 



\\So- P (MP)\\ 

This is because in Eqn. (|A8[ ) the Dirac delta function coefficients cancel, leaving dependence only on the smooth AV 



Despite its appearance, tm^JW 1S a P~^ 0Tm living in all D-dimensions, although it is only well defined on MP. 
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Because of this, we may define d * P (A4p) | usm § the m ^ -D-dimensional exterior derivative. Surprisingly, this is 
well defined on J\4 P , and it is not hard to show that (when restricting to points on the submanifold) 



5 D . P {M P ) 
\Sd- p (Mp) 



d * u: ka = ^ MP is extremal. (A9) 



From Eqn. (|A8[) it is evident that ||<5d_ p (A^ p )|| = * p * Sd- p (M p ), where the Hodge star on JW from the pullback 
metric is denoted by * p . More generally, the action by this Hodge star can be rewritten as 



F q A 5 D _ P {M P ) 
\\Sd- p (Mp) 



* r F q = * tl^^QJ (A10) 



where F q is a q-form living on A4 P and the pullback is implicit on the left hand side. 



4. Topology 

One feature of the de Rham delta function is that Poincare duality becomes manifest. Here we assume MP is 
orientable and compact with no boundary. Then Eqn. (|A2l) tells us that 5d- p (M p ) is closed if and only if M p is a 
cycle, and 8o- P {M p ) is exact if M p is a boundary. To complete this correspondence between the p-ih Homology and 
the (D — p)th de Rham Cohomology of M D we need to show that 

S D - P (M P ) = d/r,_ p _i =► M p = dM p+1 . (All) 

But this is not true when torsion is present. Consider the manifold HP 3 = 50(3) which has a single nontrivial 
one-cycle C 1 , i-e. i/i(lRP 3 ; E) = %?,. Since the group sum of two of these cycles is trivial, they must form a boundary: 
C 1 + C 1 = dM 2 and so 2S 2 (C) = dS^M 2 ) which means 

8 2 {C) = \d5 1 {M 2 ). (A12) 

Since (} is not a boundary, it is false to claim that all exact de Rham delta functions are Poincare dual to boundaries. 
Only by using real coefficients can we make the statement that 

M p ~M' p [S D ^ p (M p )} ~ [5 D ^ P (M' P )} (A13) 

De Rham's theorem gives us the isomorphism between homology and cohomology 

H P (M D ;R) = H P (M D ; R), 

and Poincare duality asserts that 

H P (M D ;U) £* H D - P (M D ;B.). 
The De Rham delta function provides the isomorphism 

H P (M D ;R)^H D -P(M D ;R) (A14) 
In fact, if the cohomology basis is chosen such that 



then 



[5d- p (M p (i) )] = [J£_ p } (AI5) 
where M p ^ is the Poincare dual of M^ p , and together they satisfy 



M p (i) nM^ p = s ij , 
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i.e., their net intersection is a single positive point if i = j, and is empty otherwise. 
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